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of the logarithmic deriva-






, where ϑ(t) is the Riemann-Siegel theta
function, and ζ(t) is the Riemann zeta function, is used as a basis for the construction of a pair
















G = −(∆R(t))−1 is the derivative of the additive inverse of the reciprocal of the Laplacian






where H(t)=G˙(t) has roots
at the local minima and maxima of G(t). When H(t) = 0 and H˙(t) = G¨(t) = ∆G(t) > 0, the







otherwise when H(t) = 0 and H˙(t) = ∆G(t) < 0, the point t marks a local maximum G(t),
marking midway points between consecutive minima. Considered as a sequence of distributions
or wave functions, νn(t) = ν(1 + 2n + 2t) converges to ν∞(t) = limn→∞ νn(t) = sin
2(pit) and
χn(t) = χ(1 + 2n+ 2t) to χ∞(t) = limn→∞ χn(t) = −8 cos(pit) sin(pit)
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−s ∀Re(s) > 1
= (1 − 21−s)∑∞n=1 n−s(−1)n−1 ∀Re(s) > 0 (1)
and ϑ(t) be Riemann-Siegel vartheta function ϑ(t)



































































making possible the Riemann-Siegel-Hardy correspondence. Furthermore, let S(t) be argument of
ζ normalized by π defined by













)− ln ζ ( 12 − it)) (7)
The Ba¨cklund counting formula gives the exact number of zeros on the critical strip up to level t,
not just on the criticial line,
N(t) = Im(R(t)) =
ϑ(t)
π
+ 1 + S(t) (8)







= ln |Z(t)|+ iπS(t) (9)
These formulas are true independent of the Riemann hypothesis which posits that all complex zeros
of ζ(s+ it) have real part s = 12 . [Ivi13, Corrollary 1.8 p.13]
1Thanks to Matti Pitka¨nen for pointing out this is a Mobius transform pair, among other things
2
1.2 The Logarithmic Derivative of Z(t) and its Integral



































is the digamma function, the logarithmic derivative of the Γ function and z(t) and g±(t) have been







−8ζ(2− 2n)n2 + 4ζ(2 − 2n)n










−2ζ(2n− 1) + 4ζ(2n− 1)n


































































)− ln Γ (14 + it2 ))− ln(π)t))
(14)
1.3 The Laplacian
The Laplacian = ∇ · ∇ = ∇2 is a differential operator which corresponds to the divergence of the






f(xi)∀x ∈ X ⊆ Rd (15)
and is simply the second derivative of a function when d = 1
f(x) = f¨(x) =
d
dx2
f(x)∀x ∈ X ⊆ R (16)
3
Let G(t) be the additive inverse of the reciprocal(also known as multiplicative inverse) of the
Laplacian of R(t) interpreted as a partition function





Figure 1: The Real and Imaginary Parts of R(t) compared with G(t)











When H(t) = 0 and H˙(t) = G¨(t) = ∆G(t) > 0, the point t marks a minimum of G(t) where it





= 0, otherwise whenH(t) = 0 and H˙(t) = ∆G(t) < 0,
the point t marks a local maximum G(t), marking midway points between consecutive minima.
Figure 2: G(t), H(t) and H˙(t)






















then ν(t) has zeros at the positive odd integers, zero, and negative even integers. In the same way,
let
χ(t) = ν˙(t)
















which also has zeros on the real line at the positive odd integers, zero, and the negative even
integers.
limt→2n−1 ν(t) = limt→2n−1 χ(t) = 0∀n > 0
limt→0 ν(t) = limt→0 χ(t) = 0
limt→−2n ν(t) = limt→−2n χ(t) = 0∀n < 0
(21)
Both ν(t) and χ(t) satisify similiar functional equations
ν(t) = ν(1− t) (22)
and
χ(t) = −χ(1− t) (23)















which satisify the functional symmetries
µ(t) = µ(−t) (26)
and
ψ(t) = −ψ(−t) (27)
The function χ(t) has as a subset of its roots, the roots of the Rieman zeta function ζ(t), the
converse is not true, since χ(t) is a function of ζ(t) and its first, second, and third derivatives.
{t : ζ(t) = 0} ⊂ {t : χ(t) = 0} (28)
Let
χn(t) = χ(1 + 2n+ 2t) (29)
and
νn(t) = ν(1 + 2n+ 2t) (30)



































which has a limiting maximum
limn→∞max0<t<1 νn(t) = max0<t<1 ν∞(t)
= limn→∞ ν(2n)
= 8
π∼= 2.546479089470 . . .
(36)
and the associated differential is










= −8 sin(πt) cos(πt)
(37)
It is worth mentioning that the pair-correlation function for the zeros of ζ(s) is
r2(x) = 1− sin
2(πx)2
π2x2
if the Riemann hypothesis is true. [11] The point n = 1 is where χn
(− 12) and νn (− 12) attain their
greatest values among the integers.
n νn












Table 1: Even values of ν(n) and χ(n)
This phenomena of having the first wave function having a much larger size than all of the
remainders is mentioned in [Kna99, Theorem 22] The convergence of limn→∞ νn(t) → ν∞(t) and
6
limn→∞ χn(t)→ χ∞(t) might be interpreted as a manifestation of quantum ergodicity [11, C p.16].




We also have the limits
lim
s→{0,1}
χ˙(s) = 4π (39)














)dt ∼= .46693755153559653755 . . . (41)
Figure 3: Top Left : The function ν(s) normalized by its maximum value on [0, 1] Top Right :
The function ν(s) normalized by its maximum value and subtracted from sin2(πx) Bottom Left :




2.2 The One-Dimensional Wave Equation











[Flu¨94, II.A.4 p.25][Gan06, 4.2.1 p.][Coo03, Ch. 8 p.147]
2.3 The Poisson Bracket and Lagrangian Mechanics










has the antisymmetry property
{A,B} = −{B,A} (44)
and the so-called Jacobi identity
{A, {B,C}} − {B, {A,C}}+ {C, {A,B}} = 0 (45)
Two quantitities A and B are said to commute if their Poissonbracket {A,B} vanishes, that is,








where H is a Legendre-transformed function of the Lagrangian called the Hamiltonian
H ≡ ∂L
∂q˙i
q˙i − L(qi, q˙i, t) (48)




L(qi, q˙i, t)dt (49)
of the system where L(qi, q˙i, t) is the Lagrangian of the system and
qi(t) = q
cl
i (t) + δqi(t) (50)
is an arbitrary path where qcli (t) is the classical orbit or classical path of the system and
δqi(ta) ≡ qi(t)− qcli (t) (51)
[Kle04, 1.1]
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L(t) = T − V (x(t)) (54)





is the kinetic energy which is stationary for the physical solutions qi(t).[Gan06, 4.2.1]
2.3.2 Quantum Mechanics of General Lagrangian Systems
The coordinate transformation











eiµ(q) ≡ ∂µxi(q) (59)
is a transformation matrix called the basis p-ad where p is the prefix corresponding to n, the







be the inverse matrix called the reciprocal p-ad . The basis p − ad and its recpiprocal satisify the
















which is related to the curvilinear transform of the Cartesian quantum-mechanical momentum
operators by
pˆi = −ih¯∂i = −ih¯eµi (q)∂µ (64)
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The Hamiltonian operator for free particles is defined by
Hˆ0 = Tˆ =
1
2M




where its metric tensor is given by
gµν(q) ≡ eµi (q)eνi (q) (66)
and its inverse by
gµν(q) ≡ eiµ(q)eiν(q) (67)




= eiµeiν∂µ∂ν + (e
iµ∂µe
iν)∂ν
= gµν(q)∂µ∂ν − Γµνµ (q)∂ν
(68)
where
Γλµν(q) = −eiv(q)∂µeλi (q) = eλi (q)∂ueiν(q) (69)
is the affine-connection [Kle04, 1.13][Pod28]
2.3.3 Noether’s Theorem and Lie Groups
From Noether’s theorem it is known that continuous symmetries have corresponding conservation
laws.[Gan06, 4.2.1] Let
αs (70)
be a continuous family of symmetries which is a 1-parameter subgroup s 7→ αs in the Lie group of
symmetries. A Lie group is a group whose operations are compatible with the smooth structure.
A smooth structure on a manifold allows for an unambiguous notion of smooth function.
2.4 Schroedinger’s Time-Dependent Equation and Nonstationary Wave
Motion
The function cos2(t) = 1−sin2(t) arises in the Dirac phase averaving method of calculating transition
probabilities of non-stationary states in the time-dependent Schroedinger equation. [Gol61, 15.1] 3
2.4.1 Operators and Observables: Dirac’s Time-Dependent Theory
Let











ǫ = hv (71)
10
which relates the energies of a “matter wave” system, whatever that is, maybe a fermionic system,
to the frequencies of quanta it emits or absorbs. There is always some arbitriness with choice of



















which means formally that
1
2m

























y(x, t) = [ǫ− V (x)]y(x, t) (76)
where ǫ is the total energy of the particle and V (x) is its potential energy. The first Schroedinger





















Hy(x,t) = ǫy(x, t)
where H is the operator corresponding to the Hamiltonian of the (point) particle. [Gol61, 11.5]


































It is also worth mentioning that in Dirac’s theory of the time-dependent Schroedinger there is a
Hamiltonian of the form
H = H0 + λH1(t) (81)
11















where V0, ǫ, h, andL are suitable constants. [Gol61, 15.5]
2.4.2 The String Theoretic Partition Function
The string theoretic partition function is defined as
Zst(ω) = Zst,R(ω) = Tr[e







where L+0 and L
−










and α±−nαn are related to something called a Fubini-Veneziano field and p
+ is the left -momentum
operator and p− is right-momentum operator. [Lap08, 2.2.1]
References
[11] D. Schumayer and D. A. W. Hutchinson. Colloquium: Physics of the Riemann hypothesis.
Reviews of Modern Physics, 83:307–330, apr 2011.
[CB90] Ruel V. Churchill and James Ward Brown. Complex Variables and Applications. McGraw-
Hill Publishing Company, 1990.
[Coo03] David B. Cook. Probability and Schrodinger’s Mechanics. World Scientific Publishing
Company, 2003.
[Flu¨94] S. Flu¨gge. Practical Quantum Mechanics. Classics in Mathematics. Springer Berlin Hei-
delberg, 1994.
[Gan06] Terry Gannon. Moonshine Beyond the Monster: The Bridge Connecting Algebra, Modular
Forms, and Physics. Cambridge University Press, Monographs on Mathematical Physics,
2006.
[Gol61] Sydney Golden. An Introduction to Theoretical Physical Chemistry. Series In Chemistry.
Addison-Wesley Publishing Company, Inc., 1961.
[Ivi13] A. Ivic´. The Theory of Hardy’s Z-Function. Cambridge Tracts in Mathematics. Cambridge
University Press, 2013.
[Kle04] H. Kleinert. Path Integrals in Quantum Mechanics, Statistics, Polymer Physics, and Fi-
nancial Markets. World Scientific, 2004.
12
[Kna99] Andreas Knauf. Number theory, dynamical systems and statistical mechanics. Reviews in
Mathematical Physics, 11(08):1027–1060, 1999.
[Lap08] Michel L. Lapidus. In search of the Riemann zeros: Strings, Fractal membranes and
Noncommutative Spacetimes. American Mathematical Society, 2008.
[Pod28] Boris Podolsky. Quantum-mechanically correct form of hamiltonian function for conserva-
tive systems. Phys. Rev., 32:812–816, Nov 1928.
13
